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  Abstract 

In this paper we establish a series expansion formula which involving Laguerre poly-
nomial and extension of Voigt function in terms of H-function of two variable, by 
making use of an interesting generating function for Laguerre polynomial. For the 
sake of illustration, we obtain some special cases of our main results which are inter-
esting and believed to be new. 
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1. Introduction  

The topic of special function is very rich and is constantly increasing with the advent of new problems in the field of applica-

tion in engineering and applied sciences. In addition, The Voigt functions 𝐾(𝑥, 𝑦) and 𝐿(𝑥, 𝑦) were introduced and inves-

tigated by Voigt in 1899. For a review of the (unification) generalizations of Voigt functions introduced from time to time. In 

addition, applications to generalized Voigt function in diverse research areas, such as astrophysical spectroscopy, neutrons 

physics, statistical communication theory, and plasma physics, the Voigt functions and their various generations have been 

intensively and extensively investigated by many authors. In this paper, main aim is to construct some expansion formulae 

connecting with Bessel’s Mait-land function, generalized Voigt function and H-function of two variable with the help of gen-

erating function of Laguree polynomial and Pseudo-Laguree polynomial. (see also [4,5,6,10,12]). 

The generalized Voigt function, Bessel-Maitland function, H-function of two variables 

and polynomials that are to be used further are described below: 

    The generalized Voigt functions investigate and defined by [21] & see also [13] 

                                     Ω𝜂,𝜈,𝜆
𝜇

[𝑥, 𝑦, 𝑧] = √
𝑥

2
∫  

∞

0

  𝑡𝑛𝑒−𝑦𝑡−𝑧𝑡2
𝐽𝑣,𝜆

𝜇
(𝑥𝑡)𝑑𝑡

                               (1.1)        

(𝑥, 𝑦, 𝑧, 𝜇 ∈ 𝑅+; 𝑅(𝜂 + 𝑣 + 2𝜆) > −1), 

    Bessel-Maitland function 𝑱𝒗,𝝀
𝝁 (𝒛) is defined by Gupta et.al. [6]:   

   𝐽𝑣,λ
𝜇 (𝑧) = ∑  ∞

𝑛=0
(−1)n(z

2⁄ )
υ+2λ+2n

Γ(λ+n+1)Γ(𝑣+𝜆+𝜇𝑛+1)
 (1.2)                                        (1.2) 

    Srivastava et. al. [19] defined and presents the H-function of two variables in the following contracted notation: 

1
1 2

2

z
H H[z , z ]

z

 
= = 

 
 

1 21 1 2 2

1 1 2 2

1 2

(1) (2) (1) (1) (2) (2)
j j j 1,p j j 1,p j j 1,p0,n:m ,n ;.m ,n 1

p,q:p ,q ;.p ,q (1) (2) (1) (1) (2) (2)
2 j j j 1,q j j 1,q j j 1,q

(a ; , ) : (c , ) ;(c , )z
H

z (b ; , ) : (d , ) ;(d , )

    
 =
    
 

 

= 1 2

1 2

1 2 1 1 2 2 1 2 1 22
L L

1
( , ) ( ) ( )z z d d

(2 )

 
        


 

                                      

(1.3) 

where 1 = −  
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n
(1) (2)

j j 1 j 2

j 1
1 2 q p

(1) (2) (1) (2)
j j 1 j 2 j j 1 j 2

j 1 j n 1

(1 a )

( , )

(1 b ) (a )

=

= = +

 − +  + 

   =

 − +  +   −  − 



 
                    

(1.4) 

i i

i i

i i

m n
(i) (i) (i) (i)

j j i j j i

j 1 j 1
i i p q

(i) (i) (i) (i)
j j i j j i

j n 1 j m 1

(d ) (1 c )

( )

(c ) (1 d )

= =

= + = +

 −   − +  

  =

 −    − +  

 

 

 , (i=1,2)                         (1.5) 

    The nature of contours 1L  and 2L in (1.3), a set of sufficient conditions for the convergence of the integral given by 

(1.3) and the asymptotic expansion of the H-function of two variables can be found in the book by [17] and see al-

so[1,2,3&20].  

    Srivastavaet. al. [18] introduced a general class of polynomials represented as: 

 
 V/U r

U
V Ur V,r

r 0

x
S x ( V) A

r!=

= −  , V=0, 1, 2…                                 (1.6) 

where U is an arbitrary positive integer and the coefficient V,rA are arbitrary constants, real or complex. We obtained sev-

eral well-known functions after specializing in the parameter rof  𝑆𝑉
𝑈[𝑥]polynomial and in which few are listed below: 

We take  𝑈 = 1, 𝐴𝑉,𝑟 = (
𝑉 + 𝛼

𝑉
)

1

(𝛼+1)𝑟
in equation (1.6),𝑆𝑉

𝑈[𝑥]reduces to Laguerre 

polynomial  𝐿𝑉
(𝛼)[𝑥] [15] which were defined as  

                  𝐿𝑉
(𝛼)[𝑥] =

(1+𝛼)

𝑉! 1𝐹1[𝑉; 1 + 𝛼; 𝑥]                                      (1.7) 

    Generating function of Laguerre polynomial 𝑳𝒏
(𝜶)

[𝒙] defined in [15]     

                      𝑒−𝑡 ∑
𝐿𝑛

(𝛼)
(𝑥)𝑡𝑛

(1+𝛼)𝑛
= 0𝐹1[−; 1 + 𝛼; −𝑥𝑡]∞

𝑛=0                                  (1.8) 

    Pseudo-Laguerre Polynomialis given by [14]: 

              𝑅𝑉(a, x) =
(𝑎)2𝑉

𝑉! (𝑎)2𝑉0
𝐹1[−V; a + V; 𝑥]                                                                                                            (1.9) 
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    Toscano’s Generating function obtained by Shively [16] for Pseudo-Laguerre Polynomial 

∑
𝑅𝑛(𝑎, 𝑥)𝑡𝑛

((1 + a) 2⁄ )𝑛

   =       𝑒2𝑡
0𝐹1[−;

1 + a

2
; 𝑡2 − 𝑥𝑡]

∞

𝑛=0

                                    (1.10) 

 

2. A Set of Main Results 

    In this section we establish three series expansion formulae for H-function of two variables including generating func-

tion of Laguree polynomial and pseudo Laguree polynomial. 

Formula 1: Let ( ) ,0,0,02,,,, thenalsobaandkRRzyq ++ +   

( ) ( )
( )

( )zyq
xL

nk

n n

n

n ,,
12

,,12

0
2







−+



=


+

 =

( ) ( )
( )( )

)1.2(
),)(1,)(1,0(;1,1,0;

;;2,2;

4

2

1

2

2

2
0;1:0;1:1;0

3;0:2;0:0;1

212

2



















−−−−−

−−







+
++

++








k

y

q

y

xz

H
q

ky
 

Proof: To prove the Formula (2.1), we take the following generating function for Laguerre polynomial 
( )
nL


[8,15] 

                            𝑒−𝑡 ∑
𝐿𝑛

(𝛼)
(𝑥)

(1+𝛼)𝑛

∞
𝑛=0 𝑡𝑛 =  𝐹10 [− ; 1+∝; −𝑥𝑡] (2.2)             (2.2)  

    Now, we replace t by zt2 and multiply by𝑒−𝑦𝑡𝑡𝑘−1𝐽𝜗,𝜆
𝜇 (𝑞𝑡)in the above eq. (2.2) and then integrate both sides with re-

spect to t between the limits 0 and   .Next, we express Bessel Mait-land function and 0F1 in contour integral form with the 

help of given [11] in the right hand side, and change the order of summation and integration under the permissible condi-

tions. Then, we arrive at the following integral: 

( )( )
( )

( )dtqtJte
xL nkztyt

n n

n

n 





,

12

00
2

2

12

−+



−−


=


+
= 
( )   

+

−++++



−









1 2

21

2

1222

0

2 22

1

c c

kyt q
te

i






 

                                

( ) ( ) ( )( ) ( )
( ) ( ) ( )

)3.2(
111

21
21

221

2

21
21

dtdd
qxz







+++++++

−−+


 

    Further, we change the order of contour integrals and t-integral under the conditions stated, and evaluate the 

t-integralin right hand side.Now, reinterpreting the resulting contour integrals in terms of H-function of two variables and 

expressing the integral involved in the left hand side of the eq. (2.3) in terms of extension of Voigt function (1.1), we get the 

required result after a little simplification.      
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Formula 2: Let ( ) ,0,0,02,,,, thenalsobaandkRRzyq ++ +   

          

( )( )
( )

( )
( ) ( )

( )

212

,,

,,12

0
2 2

1
,,

12

++

−−+



=








+
=

+







 



qb
zyq

zxL
ab

ba

nk

n n

n

n

n

 

























−−−−

+−−−++
−


).,(),1,();1,(),1,0(

);1,1)(1,0(;;);1,1();2,2,1;1(

4

1

2

2

2

0,0:0,1;1,1:1;0

2;0:2,0;2,1:0;1


babk

y

q

y

xz
H                               (2.4) 

    Proof: To demonstrate the Formula 2, we take the following generating function for Laguerre polynomial 
( )
nL


[8,15]. 

                           𝑒−𝑡 ∑
𝐿𝑛

(𝛼)
(𝑥)

(1+𝛼)𝑛

∞
𝑛=0 𝑡𝑛 =  𝐹10 [− ; 1+∝; −𝑥𝑡](2.5)                 (2.5) 

    Now, we replace t by zt2 and multiply by𝑡𝑘−1 𝐹1(𝑎; 𝑏; −𝑦𝑡)1  𝐽𝜗,𝜆
𝜇 (𝑞𝑡)in eq. (2.5) and then integrate both sides with re-

spect to t between the limits 0 and   .Next, we express Bessel Mait-land function and 0F1in contour integral form with the 

help of given [15] in the right hand side, and change the order of summation and integration under the permissible condi-

tions. Then, we arrive at the following integral: 

( )( )
( )

( )dtqtJte
xL nkzt

n n

n

n 





,11

12

00
2

 yt)- b;(a; F
12

2 −+



−


=


+
=

( )
( )ab

bq

−

+








++




1

2

2/12

( )   
−+++++



−

1 2

321 1222

0

2
2

1

c c

kytte
i





( ) ( ) ( )( ) ( ) ( )
( ) ( ) ( ) ( )

)6.2(
111

2
321

3321

2

211
312

dtddd
b

qyxzab







++++++++

−−−−+−


 

    Further, we change the order of contour integrals and t-integral under the conditions stated and evaluate the t-integral 

in right hand side. Now, reinterpreting the resulting contour integrals in terms of H-function of two variables and expressing 

the integral involved in the left-hand side of the above eq. in terms of extension of Voigt function in second kind, we get the 

required result after a little simplification.     
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Formula 3: Let ( ) ,00,02,,,, thenalsoaandkRRzyq ++ +   

( )
( )zyq

a

xaR
nk

n

n

n

n ,,

2

1
2

,
,,12

0 3


−+



=










 +
 =

( ) 212

2

1
2

++








+
++





 q
ky

( )
( )( )

)7.2(
),)(1,)(1,0(;1,1,0;

;;2,2;

4 2

2

2
0;1:0;1:1;0

3;0:2;0:0;1



















−−−−−

−−




k

y

q

y

xz

H  

    Proof: To prove the Formula 3, we take the following Toscano’s generating function in slightly different form in terms of 

F1obtainable with the help of [7, 8, 9& see also 11] 

 

      𝑒−2𝑡 ∑
𝑅𝑛(𝑎, 𝑥)𝑡𝑛

((1 + a) 2⁄ )𝑛

   = 1:0:0
0:0:0 [

             ∶ −  ; −   ;  

(
1 + 𝑎

2
)

: −   ;  −  𝑡2, −𝑥𝑡]                   (2.8)

∞

𝑛=0

 

in the above equation, we replace t by zt2/2 and multiply by𝑒−𝑦𝑡𝑡𝑘−1𝐽𝜗,𝜆
𝜇 (𝑞𝑡).Next we integrate both sides with respect to t 

between the limits 0 and .Now we  express Bessel Mait-land function and 0F1in contour integral form with the help of 

given [11]  in the right hand side, and change the order of summation and integration under the permissibleconditions. 

Then we arrive at the following integral: 

∑
𝑅𝑛(𝑎, 𝑥)𝑧𝑛

2𝑛((1 + a) 2⁄ )𝑛

∫ 𝑒−𝑦𝑡−𝑧𝑡2
∞

0

𝑡𝑘+2𝑛−1𝐽𝜈,𝜆
𝜇 (𝑞𝑡)dt

∞

𝑛=0

= ∫ 𝑒−𝑦𝑡𝑡𝑘−1𝐽𝜗,𝜆
𝜇 (𝑞𝑡)

∞

0

 

 

              × 𝐹1:0:0
0:0:0 [

             ∶ −  ;  −   ;  

(
1 + 𝑎

2
)

: −   ;  −  (z𝑡2)2/4, −𝑥𝑧𝑡2/2]                                  (2.9)

 

    Further, we change the order of contour integrals and t-integral under the conditions stated and evaluate the t-integral 

in right hand side. Now, reinterpreting the resulting contour integrals in terms of H-function of two variables and expressing 

the integral involved in the left-hand side of the above equation in terms of extension of Voigt function we easily arrive at 

formula 3 after a little simplification.      

3. Special Cases 

    In this part we derive several new and known results that can be acquired by giving specific values to the parameters 

engaged with the main expansion formulas. 
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(1) In formula 1, we take
4

1
,0,1 === z , then we get the following result:

 

( ) ( )
( )

( ) =
+

−=



=

 yqV
xL

nk

n n

n

n ,
12

,12

0
2 





( ) 21

2

1
+








+
+





 q
ky

( )
( )( )

)1.3(
)1,)(1,0(;1,1,0;

;;2,2;

4

4

2

2
0;1:0;1:0;0

2;0:2;0:1;0



















−−−

−−+




k

y

q
y

x

H

 

provided that the conditions easily obtainable from the existence conditions (2.1) are satisfied. 

(2) In the equation (2.1), setting 1,2 == zyx ,then we arrive at the new and interesting result in terms of fox H- function 

[17] as follows:

 
( ) ( )( )
( )

( ) =
+

−=



=

 yq
yL

nk

n n

n

n ,1,
1

14
,,12

0

2








( )

( )( )( )
)2.3(

,1,1,0

1,
2

2

42

1
2

2
1;1

3;1

212

2

















−−−








 ++








+
++

++










k

y

q
H

q
ky

 

provided that the conditions easily obtainable from the existence conditions (2.1) are satisfied. 

(3) On taking 1,0,0 === q in the eq.(2.1), then we get the interesting result in terms of H-function of two variables as 

follows: 

( )
( )

( ) =
+

−+



=

 zy
zxL

nk

n n

n

n ,,1
1

,12

0





 

( )( ) ( )
)3.3(

),(1,1)1,0(;1,11,0;

;;1,1;
2

4

12

11

2

2
0,1:0,1:1;0

2,0:2,0:1;1

21



















−−

−−






 +



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(4)  In the eq. (2.1), on taking 2/1,1,0,0 ====  , then we arrive at the result in terms of    H-function of two 

variables as follows:        
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
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    Lastly, if we suitably specialize in the parameters involved in formulas 1, 2 and 3, we can establish the corresponding 

results. (see [7],[20] & [21])  

Conclusion 

We recap have givena series expansion formula in terms of H-function of two variables which involving the generating func-

tion of Laguerre polynomial and generalized version of Voigt function. Further, we established some interesting new and 

known results by specializing in the parameters of the main results. 

    In addition to the identities demonstrated in this section, numerous other formulas can be derived. 

Reference 

[1.] P. Appell and L. Sur, “Series Hypergéometriqués de Duex Variables,” in et Sur des Equations, Dif-

fren-tiellesLinearies aux DeriveesPartielles, CR Acad. Sci, vol. 90, pp. 296–298, Paris, 1880.     

[2.] P. Appell and J. Kampé De Fériet, Functions Hypergéométriques et HypersphériquesPo-lynômesd’ Her-

mite. Gauthier-Villars Paris, 1926.  

[3.] S. P. Goyal, “The H-function of two variables, Kyungpook-Math,” J. Vol. 15, pp. 117-131, 1975. 

[4.] S. P. Goyal and R. Mukherjee, “Generalizations of the Voigt functions through generalized Lau-ricella 

function,” GanitaSandesh, vol. 13, no. 1, pp. 31–41, 1999.  

[5.] K. C. Gupta and A. Gupta, “On the study of unified representations of the generalized Voigt 

func-tions,” Palestine J. Math, vol. 2, no. 1, pp. 32–37, 2013.  

[6.] K. C. Gupta, S. P. Goyal, and R. Mukherjee, “Some results on generalized Voigt functions,” ANZIAM J, vol. 

44, pp. 299–303, 2002.  

[7.] R. Jain and B. Bundela, “Summation formula involving generalized Voigt functions, Pseudo La-guerre 

Polynomial and Parabolic Cylinder Function,” Ganita Sandesh, vol. 24, no. 1, pp. 47–54, 2010.   

[8.] J. Kampé De Fériet, “functions Hypergéométriq uesd’ordresuperieur or deluxe variables,” vol. 173, pp. 

401–404, 1921. 

[9.] N. Khan, M. Ghayasuddin, W. A. Khan, T. Abdeljawad, and S. Nisar, Further exten-sion of Voigt function 

and its propertie. Springer, 2020. 

[10.] N. U. Khan, M. Kamarujjama, and M. Ghayasuddin, “A generalization of Voigt function involving general-

ized Whittaker and Bessel functions,” Palestine J. Math, vol. 4, no. 2, pp. 313–318, 2015.  

[11.] M. A. Pathan, K. Gupta, and V. Agrawal, “Summation formulae involving Voigt functions and generalized 

hypergeometric functions,” Scientia, Ser. A, Math. Sci, vol. 19, pp. 37–44, 2010. 



S.D. Kharabe at.el 
 

 

ISSN (Online) : 2583-1372 9 
Journal of Applied Science and Education  

(JASE) 
A2Z Journals 

 

 

[12.] M. A. Pathan, M. Garg, and S. Mittal, “On unified presentations of the multivariable Voigt func-

tions,” East-West J. Math, vol. 8, no. 1, pp. 49–59, 2006. 

[13.] M. A. Pathan and M. J. S. Shahwan, “New representations of the Voigt functions,” Demonstratio Math., vol. 

39, no. 1, pp. 75–80, 2006. 

[14.] A. E. Danese and E. D. Rainville, “Special Functions,” Am. Math. Mon., vol. 67, no. 10, p. 1044, 1960.  

[15.] R. L. Shively, On Pseudo Laguerre polynomials. 1953. 

[16.] H. M. Srivastava and M.-P. Chen, “Some unified presentations of the Voigt functions,” Astrophys. Space 

Sci., vol. 192, no. 1, pp. 63–74, 1992.  

[17.] H. M. Srivastava, K. C. Gupta, and S. P. Goyal, The H-Functions of One and Two Variables with Applica-

tions. New Delhi and Madras: South Asian Publishers, 1982. 

[18.] H. M. Srivastava and C. M. Joshi, “Integration of certain products associated with a generalized Meijer 

function,” Math. Proc. Camb. Philos. Soc., vol. 65, no. 2, pp. 471–477, 1969. 

[19.] H. M. Srivastava and P. W. Karlson, Multiple Gaussian Hypergeometric Series. John Wiley and Sons Inc, 

1985. 

[20.] H. M. Srivastava and E. A. Miller, “A unified presentation of the Voigt functions,” Astrophys. Space Sci., vol. 

135, no. 1, pp. 111–118, 1987. 

[21.] H. M. Srivastava, M. A. Pathan, and M. Kamarujjama, “Some unified presentations of the generalized Voigt 

functions,” Commun. Appl. Anal, vol. 2, pp. 49–64, 1998.  


