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  Abstract 

Frames in relation to certain sequence spaces, specifically Chi-Phi frames, were intro-
duced and studied. Further investigations into Chi-Phi frames and their various charac-
terizations can be found. The stability and perturbation of frames are crucial in practical 
applications and have been extensively studied. In this paper, we examine the stability 
and perturbations of Chi-Phi frames and Chi-Phi Bessel sequences in Banach spaces, 
extending two important propositions from [3]and [7], respectively. 
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1. Introduction  

For more than a century, a key tool for analysis has been the Fourier transform. Its inability to demonstrate phase information 

relevant to a signal's width and point of emission is an issue in signal analysis. In order to solve this, a localized time-frequency 

representation that encodes this crucial information was developed.  
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    Dennis Gabor [10] covered this gap in 1946 by establishing an elementary approach to signal decomposition using ele-

mentary signals. Building on this progress, Duffin and Schaeffer [8] stated the concept of a frame for Hilbert spaces in 1952. 

This frame is defined as follows:  

  A system of non-zero vectors 1{ }=  Hn ny  be known a frame in H (separable Hilbert space) if   non-zero the 

constants 0 a b     satisfying the following  

      
2 22

1

| , |



=

   H Hn

n

a y y y b y ,   Hy                                     (1.1) 

    where  •  denotes norm and ,• •  represent inner product in H . These above positive constants a  & b  in 

frame inequality (1.1)  are known as the lower and upper frame bound for 1{ }n nx 
=  respectively. The positive ratio 

/a b = is called the condition coefficient of the frame. If 1 = , the frame is referred to as a tight frame. Developments in 

frame theory for Hilbert spaces have led to the extension of known results to the Banach space setting. The generalization of 

frames to Banach spaces has been studied extensively [1, 9, 11, 12, 15, 18, 19]. Frames share many properties with bases but 

lack a crucial one uniqueness which makes them highly useful in various applications, including function spaces, signal and im-

age processing, filter banks, wireless communications, and more. 

The 𝓧d -frames, was introduced in [1] and generalizes 
p

-frames which were widely studied in [4]. In the present manu-

scripts, we examine the stability and perturbations of 


 -Bessel sequences and 


 -frames in Banach spaces by generaliz-

ing two fundamental results, presented in the form of propositions from [7] and [3], respectively. 

2. Preliminaries 

In the present paper, we generally use the character   to describe an infinite-dimensional Banach space over the scalar 

field K (R or C). Let  
 the first conjugate spaces of  .. Additionally, let ℒ (  , F) be the Banach space of all bounded 

linear transformations from   into F. 

We introduce the following definitions, which will be frequently used throughout this investigation. 

Definition 2.1 ([1]). If  d be a sequence space which is a Banach space and its coordinate functionals are continuous, then it 

is commonly referred to as a BK-space. i.e., 

( ) mm ky =
,

 ky = 
 𝓧d , 

lim m
m

y y
→

=
   ( ) ( 1,2,......).m

k k
m
Lt k 
→

= =
  

    The theory of scalar sequence spaces naturally extends to vector sequence spaces. If 𝛟= n be collection of a se-

quence of Banach spaces, then 


  associated with  n will be a linear subspace of  
1

n
n

Z


=

 .
 

 

The coordinate transformations 

→

m
T :

n
ZX  are defined by         

                                                  ( )mT , 1,2,...j my y m= =
 

    A space 


  is termed as commonly BK-space prompted by nZ  then 


  becomes a Banach space and each mT  

will be  bounded transformation. The BK-spaces which involves all normal vectors  ne  generalized by 


  spaces that 

involves subspaces given by                         

                          ( )0 0 ........... 0 0 ............. 0 , 1,2..... .


=       =

th

m m m

m place

H Z Z m  

    These
mH ’s form closed linear spaces which are subspaces of


 , and the termed


  as a mode sequence space. 

Example 2.2 We discuss an example of a Model Space. 
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    Suppose 𝛟= n  be collection of a sequences of closed linear subspaces of a Banach space E. Let us assume that  


  of collection 𝛟, i.e., defined as the space of all sequences  

1n n
z



=
 such that each n nz Z  and  

1

n

n

z


=

  be conver-

gent in   equipped with the norm 

                    ( )
1

1 1

Sup : 1,2... .
 



=
  =

  
=  = 

  

n

n i n nn
n i

z z z Z n                              (2.1) 

    It follows that 


  will be complete with reference to the norm (2.1). To verify this, we first observe that (2.1) defines a 

valid norm on


 . Now, let 
( ) 

1

k

n
k

z


=
 be a Cauchy sequence in 


 . Then, for every 0  ,   ( )N  such that, for all 

( ), k m N , 

                                  
( )  ( ) 



− 
k m

n nz z .                                        (2.2)  

    This indicates that for each n  the sequence 
( ) 

1

k

n
k

z


=
becomes a Cauchy sequence in n . But each n  are com-

plete, so there exists n nz Z  such that 
( )   

1

k

n n
k

z z


=
→ as →k . 

From the inequality (2.2), we deduce that for all ( ), k m N , 

                                              
( ) ( )( )

1 1

Sup 
  =

− 
n

k m

i i
n i

z z  

    Thus, making the limit as →m , we obtain  

                                               
( )( )

1 1

Sup 
  =

− 
n

k

i i
n i

z z       ( ( ) , 1,2..... =k nN ) 

    This show that the series 
( )

1

k

i

i

z


=

 converges in   but   is complete so we have   iz . Moreover, we have  

( )    ( )( ) , 


−  
k

n n
X

z z k N  which show that 
( )   k

n nz z→  in


 . Thus, 


 is complete with respect to the 

norm (2.1). 

    The system mH , as defined above, forms a Schauder decomposition of


 . Clearly, any model space 


 can be ob-

tained using this method. Indeed, if 


 is a model space of a sequence of subspaces 𝛟= n , then 


  can be construct-

ed as described above.   

Definition 2.3. Suppose   is a Banach space over F  & 


  is a model space induced by nZ . For all n N ,  nw  

is a sequence of bounded linear operators in ℒ ( ), nZ . Then the collection W  nw=
 

is said to be 


 -Bessel sequence 

for   corresponding to 


  ,   a positive constant 0b  exists such that 

                                             ( ) 



nw y b y ,   x . 

    The constant b  is called Bessel bound for T.  
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Define, ( )  0 : ,


=    w n E
b Inf b w y b y x . 

    Then this constant wb   is called optimum Bessel bound of W .  

    For any y , define an operator :  →WR  such that ( ) ( ) =W nR y w y . 

    This operator WR  is called the analysis operator forW . Clearly, from this definition, we obtain WR  ℒ ( ),   .  

Definition 2.4.  Suppose 𝛟  nZ=  be a collection of non-trivial subspaces of Banach space E. Let 

( ) : , ,=   n n nT w w Z nL N is a collection of sequence of linear operators from   to nZ  and let 


  is a 

model space corresponding to  . Thus the pair    ( ),n nZ w  is known as 


 -frame for   corresponding to 


  

satisfying the following properties:  

(i) ( )  nw y ,   y  

(ii)   two constants ,a b >0 with a b <  such that  

                      ( ) 


 
 na y w y b y ,  y E . 

    These above numbers b  and a  are known as upper and lower bounds, respectively for  


 -frame, respectively. 

Define, ( )  0 : ,


 
=    T na Sup a a y w y y  

     and  ( )  0 : ,



=    T nb Inf b w y b y y . 

    These constants Ta  and Tb  are known as lower and upper optimum bounds of  nT w= , respectively. 

Definition 2.5. The 


 -frame for  corresponding to


 , is known as a tight frame if T Ta b= . Moreover, if 

1T Ta b= = , then we call that the family  nT w=  is a Parseval (or Normalized tight) 


 -frame for E  corresponding  

to


 . 

3. Main Results 

In this section, we study stability and perturbations of 


 -frames. The perturbations of frames are of  great practical im-

portance and have been widely studied in the various literature  [6, 7, 21, and 22]. Below are two fundamental results con-

cerning to frame perturbations. 

Proposition 3.1. ([7]). Suppose H  is a Hilbert Space and  nu  is a frame forH , with respectively, bounds a , b . Then 

the family  nv  of vectors in H  satisfying following property 

                                        

2

1



=

−  n n

n

u v a  

forms a frame for H  with bounds 

2
2

11



=

 
 −
 
−

 
 
  

 n n

n

u v

a
a

 and 

2
2

11



=

 
 −
 
−

 
 
  

 n n

n

u v

b
b

. 

Proposition 3.2. ([3]). Suppose  iu  is a frame for Hilbert space H , with bounds a , .b  If  iv  H  and    

non-negative numbers ,  and 0  , which satisfying following two conditions  
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(i)  max , 1
a


 
 

+  
 

  and  

(ii) ( )

1

22

1 1 1 1

  
= = = =

 
−  + +  

 
   
n n n n

i i i i i i i i

i i i i

d u v d u d v d  

for all ( )1 2, ,..., 1 .nd d d n  Then  iv  forms a frame for H  with frame bounds 

  

2

1
1


 



 
+ + 

− 
+ 

  

a
a  and 

2

1 ,
1


 



 
+ + 

− 
+ 

  

a
b respectively. 

    Theorems given below examine the stability and perturbations of 


 -Bessel sequences as well as 


 -frames in Ba-

nach spaces, extending the previously stated propositions to the context of 


 -Bessel sequences as well as 


 -frames in 

Banach spaces. 

Theorem 5.3. Suppose  = nT w  is a 


 -frame for E corresponding to 


  with frame bounds ,T Ta b . If  = nS s

forms a 


 -Bessel sequence for   corresponding to 


 with bounds m  such that  Tm a . Then,  n nw s  forms a 


 -frame for   corresponding to


 . 

Proof. Given that  = nT w  is a 


 -frame for E  with frame bounds ,T Ta b . We have 

                                    ( )  , .


 
   na y w y b y y                               

Similarly, since it is also given  = nS s  is a 


 -Bessel sequence for   with bounds  Tm a , we have  

                                     ( )  , .



  ns y m y y                          

If ,T SR R  are the analysis operators for  nw  and  ns , respectively, then y  , we get ( ) ( ) ,=T nR y w y                                       

and         ( ) ( ) .=S nR y s y                                       

For any y ,  

                               

( )( )  ( ) ( ) 

( ) ( )

( ) , .

 



 






 = 

= 

 +  

n n n n

T S

T

w s y w y s y

R y R y

b m y y

 

Thus,  n nw s  forms a  -Bessel sequence for E  with bound ( )+Tb m . 

By further analysis, we establish  

                                      

( ) ( )( ) 

( ) ( )

( ) , .

 



 






 = 

= 

 −  

T S n n

T S

T

R y w s x

R y R y

a m y y

 

On behalf of above both inequalities, we must have  
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                         ( ) ( )( )  ( ) , .


 
−    +  T n n Ta m y w s y b m y y  

Hence,  n nw s  forms a  -frame for   with, respectively frame bounds ( )−Ta m and ( )+Tb m . 

Theorem 5.4. Suppose  = nT w  is a  -frame for E corresponding to model space  with frame bounds ,T Ta b . For 

each ,n N  ( ),n ns ZL  and , 
 

and 0   which satisfying following two conditions  

(i)  max , 1


 
 

+  
 a

  

 

and   (ii) ( )( )  ( )  ( )  , .
  

  
   −  + +  n n n nw s y w y s y y y    

(3.1) 

    Then, above sequence  ns  forms a  -frame for   with respectively, frame bounds
( )1

1

 



 − −
 

+ 

Ta
 and 

( )1

1

 



 + +
 

− 

Tb
. 

Proof. It is given  = nT w  be a  -frame for   with respectively frame bounds ,T Ta b . So we obtain 

                                ( )  , .


 
   T n Ta y w y b y y                

    Suppose F  be the finite subset of set of natural numbersN . Define  

                                        
, when

0 , when


 = 

 −

n

n

w n
w

n

F

FN
  

and                                 
, when

0 , when


 = 

 −

n

n

s n
s

n

F

FN
 

From this definition we have, ( )   ns y  and  

                             

( )( )  ( )( ) 

( )  ( ) 

( )  ( ) 

 



 

 



 

 − = −

 = −

  −

n n n n

n n

n n

w s y w s y

s y w y

s y w y

                                                 

Thus, we get        ( )( )  ( )  ( ) 
    

 −  −n n n nw s y s y w y                      (3.2) 

From inequalities (3.1) and (3.2), we have  

                   

( )  ( )  ( )  ( ) 

( )  ( ) 
   

 

   

 

  

  

 −  + +

  + +

n n n n

n n

s y w y w y s y y

w y s y y
 

Thus, we have       ( ) ( )  ( ) ( ) 1 1
 

 
   −  + +n ns y w y y  
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( )  ( ) 

( ) 

( )

1

1 1

1

1 1

1

1 1

1
.

1

 



 



 



 

 

 

 

 

 

 



 +
  + 

− − 

 +
 + 

− − 

 +
 + 

− − 

 + +
=  

− 

n n

n

T

T

s y w y y

w y y

b y y

b
y

 

Consequently, we get  

                                           ( )  ( ) 
( )1

1 
 

 



 + +
=   

− 

T

n n

b
s y s y y  

Let →F N and for each ,y we get      ( ) 
( )1

.
1



 



 + +
  

− 

T

n

b
v y y       (3.3) 

This show that  ns  
forms  a  -Bessel sequence for with bounds

( )1

1

 



 + +
 

− 

Tb
. 

    Furthermore as similar above, we get    

                            

( )( )  ( )( ) 

( )  ( ) 

( )  ( ) 

 



 

 



 

 − = −

 = −

  −

n n n n

n n

n n

w s y w s y

w y s y

w y s y

                                                  

Thus, we obtain     ( )( )  ( )  ( ) 
    

 −  −n n n nw s y w y s y                        (3.4) 

    Clearly from inequalities (3.4) and (3.1), we get  

                            

( )  ( )  ( )  ( ) 

( )  ( ) 
   

 

   

 

  

  

 −  + +

  + +

n n n n

n n

w y s y w y s y y

w y s y y
                                                             

 

Thus, we have  
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( ) ( )  ( ) ( ) 

( )  ( ) 

( ) 

( )

1 1

1

1 1

1

1 1

1

1 1

1

1

 

 



 

 



 



  

 

 

 

 

 

 

 



 +  − −

 −
  − 

+ + 

 −
 − 

+ + 

 −
 − 

+ + 

 − −
=  

+ 

n n

n n

n

T

T

s y w y y

s y w y y

w y y

a y y

a
y

 

Consequently, we get  

                                       ( )  ( ) 
( )1

1 
 

 



 − −
=   

+ 

T

n n

a
s y s y y  

Let →F N and for each ,y we get  ( ) 
( )1

.
1



 



 − −
  

+ 

T

n

a
s y y          (3.5) 

Therefore from inequalities (3.3) and (3.5), we have  

           

( )
( ) 

( )1 1
, .

1 1
 

   


 

   − − + +
      

+ −   

T T

n

a b
y s y y y  

Hence,  ns  forms a  -frame for   with, respectively frame bounds

 

( )1

1

 



 − −
 

+ 

Ta
 and 

( )1

1

 



 + +
 

− 

Tb
.  

4. Conclusion 

In this paper, we investigated the stability and perturbations of  -frames and  - Bessel sequence in Banach spaces, 

generalizing of the propositions [3] and [7]. Furthermore, we provided a Paley-Wiener type perturbation theorem for 

-Banach frames in Banach space setting. These results extend the classical frame perturbation theory to a more general 

framework. 
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