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Abstract

The following research work deals with a special type of Birkhoff’s interpolation prob-
lem in which we have 3 sets of data prescribed in the unit interval | = [0, 1]. Data val-
ues are the function value, first derivatives and fifth derivatives prescribed at nodes of
the unit interval. We obtained a unique spline interpolating the given data along with
the convergence problem.
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1. Introduction

In this study, we use virtually quintic splines s(x) € S,(llzs)(x)for a given partition A to solve a Birkhoff interpolation issue we

term (0, 1, 5) problem. Let A : 0 = Xy Xpoeurenenns x o %=1 be a partition of the unit interval | = [0,1] and S,Elzs)(x) denotes

n-1/

the class of spline function s(x) such that
(1.1) si(x) Emn,, i= 0(1)n-2

si(x) em i= 0(1)n-1 where xe [x x ]
(1.2) s(x) € C ().
Also, we denote x_ — x=h, foralli= 0(1)n —1. We prove the existence and uniqueness of such spline functions and show

5
that they converge to the given function f(x) € C (I) up to derivative of order 5. For relevant reading one is referred to [1 -7].

Following two theorems were proved as given in the section 2 and 3.

2. Theorem of Unique Existence

Given A and the real numbers y; y;, yl.(s), i=0(1)n, v, Y, there exists unique SA(X)EST(I‘Zg(x) such that

(2.1) sP) =y, i=0n-2 q=0,15
(2.2) sa (x0) = Yo, 52(%n) = ¥

Proof:

We set

o(x), where x € [x,x;]

(2.3) sp(x) = Is;(x),when x € [x; x;41] i=01(1)n-2.

Sp-1(x), when x € [x,_1 x,]

Usinginterpolatory conditions we write,

(2.4) sp(x) =y, +

(x=xo) (x=x0)% » | (x=x)3 (x=x0)*
110y°+ 2!0 Yo + 3!0 o3+ 410 0,4

[(x=x0)® _(5) | (x—
5 Yo +

G=x) 1 G=x)?

6
0)
ol 206

(x=xp)3 n (x=x)* (x=xp)5 y(S)

(2.5) si(0) =y + oy g Qe T Qs T Qe Y,
(2.6)
(x — xp-1) (x = xp_1)* (x — xp_1)° (x = xp_q)*
Sp-1(X) = Ynq + 17,n)h'n—1 + 277%—1,2 + 37,11%—1,3 + T?an—m
! g : ! s ! !
(X —xp-1)° (s X = Xy—1
S!n 3’75-)1 + 6!x An-16

The coefficients involved in the above equation are determined by the remaining interpolatory conditions and the continuity

requirement that sa(n)e C%(1) . Applying this condition we get the following set of equations.

= o+ hoyy +8yr 1B Mg 4 MBys 18
Y1 =Yo 0Yo, T35, Yo T3, 03 T doa T Yo T Qoe

«  h2 n3 ng¢ (5) , h§
(2.7) Y1 =Yot hoyo + 2_?‘10,3 + 3_?‘10,4 + 4_?)’0 + 5_(?“0,6:
_ (5)
yi = Yo + hoags
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2 3 4

D R R} (5
Yi+1 _yl.+hl.yl a12+3_2ai,3+4_:ai,4+5_2yl‘( )
1 ’ h? h} ht 5
(2.8) Vigr = ¥i + hiagp + _Lai,3 +3_l]ai,4 + 4—:}’1-( )
G _ .05
yz+1 yi
3 4-
Yn = Yn-1+ hn1 ¥y 1+ —ay,_ 12+ tay,_ 13+ L n_14
(5)
4 in=1 Ly
2 3
5
(2.9) <y J’n1+ !an12+ 2, an13+ !an14 ()
+ nl— an-1,6
5 5
yr(l)_yn)1+hn 1,6

From these equations, we have
Aoz = 6h53(4}’1 4yy — hoyi — 3hoyo — h§yo)
+ =3 (2557 + 1)
Qos = 24%103(3h0 —3hgty, + 1 + 2y4)
+12h5%y5 = 15 ho(6%,” ~ %)
Qo6 = hol(his) - J’OS))

(2.10)4

Az = h_z(ZJ’L — hiyiy — 16hyy] — 4hi2y£)
h3 (5) h3 (5)
80

1 i i+

iz = 603 (4yie1 — hlym - 4yl +5h;y; — h?y;)
2.11 1

(2.11) 3 += h2(3yl(5) n yl(S)

@4 = 2407 (=3R7YYius + STyl + 307y, + 2hiy] + hyy,)

hi (5) (5)
— ey —y)

and

an-1, 2 (5) — 649y, 5))

360
an-13 = 6h;—1(4’Yn - hn—lyn - 4yn—1 - 3hn—1yrll—1 - h?l—ly;l—l)
1
+ —hfl_l(llyrss)1 + yns)).
(2.12)
an-14 = 24hr_l 1(=3yn + hn1yn + 3Y5q + 2Ry yn_1 + 5 hn 1Yn-1

1
_%hn—1(5y155)1 5))

5 5
\ apn- 16_hn11( ® )’r(z )1
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The unique existence of the coefficients above show the unique existence of the spline function sa(x) of theorem 1.This is the

prove of the theorem.

3. Theorem of Convergence

Let f(x) € C5(1), then the unigne spline function s,(x) mentioned in theorem 1, with y; etc being associated with the
function f(x),iey; = f(x;),y:i = f'(x;) etc., we have for x € [x;x;,1],i =0(1)n —1,

(3.0) 152 — F@@)| < kq h5~Tws(h),q = 0(1)5

Here we take hi=h for all i =0(1)n-1, and denote the modulus of continuity of f(x) € C°(I) by ws(h).

Proof:

Let first be x; < x < x4, = 0(1)n — 2, from (2.4) and writing finite Taylor’s sums for f(x) and is derivatives, we have

— x.)574 — x,)6°4
(x(s fl(;)! (aif’ - f(S)(xi)) + % (a6 — O (2)

When q = 4, 5; where xi<€q< Xis1 .

5700 = fO@) =

Let x € [xg,x],thenq =15,i=0(1)n
50700 = FO) = (x = x0) (@6 — fO X))
= (= x0)[hs " 017 — 37 — fO W]
Therefore,
15500 = O] < ws ()
Using the interpolatory conditions, we have
55" () = FO @I = | 1[5 00) = O ()] x|
< I =% L1sg” () = FO @)
< hwg(h)
Again using Taylor’s theorem, we have
Iso(x) = £ (| < h?ws(h)
Further,
o) = £ I < 1 [ {5000 = £ (0)}dx |
< |2y = x50 () = £ ()|
< h3ws(h)
Similar
Iso() = f' ()| < h*ws(h)
And |so(x) — fF(x)| < hSws(h).

This is the prove of theorem 2 for x € [xgx4].
For x € [xl-,xiﬂ], i = (1)n — 2, we have (2.5) using Taylor’s theorem

570G - O] = 00 — O
=10 - L0 + £5 - O @)
< ws(h)(where Yi(fi = Yi(S)')
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This gives the results for x € [xi, xi+1], i = (1)n — 2. Proof for x € [xn_l_ xn] can be carried out on similar lines, so

we omit the details.

4. Conclusion

We have taken here a (0, 1, 5) lacunary interpolation problem for which we found a quantic spline function s(x) € S,(l_zs)(x)
which interpolates the given data. Also it is shown that this spline function converges uniquely by finding error bounds. Such

types of spline function can be used for solving differential equations and obtaining quatrature formula.
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